In this paper we provide twistorial examples of compact Hermitian manifolds with positive holomorphic bisectional curvature. We also observe that the so-called "squashed" metric on CP 3 , the twistor space of the sphere S 4 , is a non-Kähler Hermitian-Einstein metric of positive holomorphic bisectional curvature, thus showing that a recent result of Kalafat and Koca in complex dimension two cannot be extended in higher dimensions.
By a result of Goldberg and Kobayashi [ 6 ] the only n-dimensional compact connected Kähler manifold with an Einstein (or constant scalar curvature) metric of positive holomorphic bisectional curvature is the complex projective space CP n with the Fubini-Study metric (up to rescaling). For complex dimension two, Kalafat and Koca [ 9 ] have recently relaxed the Kähler condition to the Hermitian one. The main purpose of the present note is to show that this is no longer true in complex dimensions greater than two.
Let M be a (connected) oriented Riemannian 4-manifold with metric g. Its curvature operator R is the self-adjoint endomorphism of Λ 2 T M defined by
where we adopt the following definition for the Riemannian curvature tensor R of g:
The Hodge star operator defines an endomorphism * of Λ 2 T M with * 2 = Id. This endomorphism yields the decomposition
where Λ 2 ± T M are the subbundles of Λ 2 T M corresponding to the (±1)-eigenvectors of * . The block-matrix of R with respect to this splitting of Λ 2 T M is 
Note that K σ is compatible with the metric g and the opposite orientation of M at p. The 2-vector 2σ is dual to the fundamental 2-form of K σ . Denote by × the usual vector product in the oriented 3-dimensional vector space Λ 2
, define two almost-complex structures J 1 and J 2 on Z by
It is well-known [ 1 ] that J 1 is integrable (i.e. comes from a complex structure) if and only if M is self-dual. Unlike J 1 , the almost-complex structure J 2 is never integrable [ 5 ] .
Let h t be the Riemannian metric on Z given by
where t > 0, g is the metric of M and g v is the restriction of the metric of
) is a Riemannian submersion with totally geodesic fibres and the almost-complex structures J 1 and J 2 are compatible with the metrics h t .
Recall that the holomorphic bisectional curvature of an almost Hermitian manifold (N, h, J) is defined by
where R is the Riemannian curvature tensor of the metric h [ 6 ]. Thus the holomophic sectional curvature of N is H(X) = H(X, X).
Denote by H t,n (E, F ) the holomorphic bisectional curvature of the twistor space (Z, h t , J n ), n = 1, 2.
Lemma 1. Let (M, g) be an oriented Riemannian 4-manifold of constant sectional curvature and scalar curvature s, and let E, F ∈ T σ Z be arbitrary
where K σ is the complex structure on T π(σ) M determined by σ via (1).
Proof. An explicit formula for the sectional curvature of (Z, h t ) in terms of the curvature of the base manifold (M, g) has been obtained in [ 4 ] . Since M is of constant curvature, we have
Then one can easily obtain the desired formula for the holomorphic bisectional curvature H t,n (E, F ). Proposition 1. The holomorphic bisectional curvature of the twistor space (Z, h t , J n ) of an oriented Riemannian 4-manifold (M, g) is never constant.
Proof. Suppose on the contrary that (Z, h t , J 1 ) has constant holomorphic bisectional curvature κ. Then (Z, h t , J 1 ) has constant holomorphic sectional curvature κ. According to ([ 4 ], Proposition 5.2), the metric g is of constant sectional curvature κ = 1/t. Thus, since s = 12κ, we have st = 12. Setting st = 12 and n = 1 in (2), we get
This is not constant because h t (E, F ) 2 + h t (E, J 1 F ) 2 is not constant, which contradicts our assumption. According to ([ 4 ], Proposition 5.2), the holomorphic sectional curvature of (Z, h t , J 2 ) is never constant, therefore the holomorphic bisectional curvature of (Z, h t , J 2 ) is never constant, too.
Proposition 2. Let (M, g) be a Riemannian 4-manifold of constant sectional curvature.
(i) The holomorphic bisectional curvature of (Z, h t , J 1 ) is positive if and only if 0 < ts < 24.
(ii) If (M, g) is a flat manifold, the holomorphic bisectional curvature of (Z, h t , J n ) is non-negative for every t > 0.
Proof. To prove (i) we first note that
where Z is the orthogonal projection of Y on the orthogonal complement of the vector space Span(X, K σ X). Now suppose that 0 < ts < 24. Then using the Cauchy-Schwarz inequality we get 
